We investigate the specific form that the collapsed quantum state of a signal photon can take when its entangled idler is measured in an entangled ghost imaging configuration using a type II collinear phase matched spontaneous parametric downconversion (SPDC) interaction. Calculations of the correlated counting rate distributions in the ghost image plane and diffraction plane show that agreement between collapse and non-collapse models is obtained if the signal is assumed to collapse into a specific mixed state. However, if the signal is assumed to collapse into a pure state, significant differences arise between the predictions of the two collapse models.
INTRODUCTION
Collapse of the wavefunction plays a central role in the theory of quantum measurement, and has been discussed extensively by many authors. (see, e. g. 1-4 and references therein). Wavefunction collapse has also been discussed in the context of state preparation in which the measurement of one component of an entangled pair projects the remaining (unmeasured) component into an un-entangled single particle quantum state that depends on the result of the measurement. 5, 6 There remain conceptual issues with respect to collapse, or reduction, of the wavefunction as to whether it represents a physical process or is just a mathematical concept.
In this paper, we discuss features of the collapse of the wavefunction (or equivalently, for our purposes, projection of the quantum state) within the context of state preparation using entangled signal-idler photon pairs from a spontaneous parametric downconversion (SPDC) source in the entangled ghost imaging configuration. In comparing the two concepts (collapse and non-collapse pictures), we can consider several issues. In the non-collapse model, if the signal is measured in delayed correlation at the diffraction plane, nothing distinguishes the time t 1 when the idler is measured. The signal simply evolves continuously to the diffraction plane at time t 2 when it is measured. The concept of collapse, and the time of the collapse, do not enter the calculation. However, it has been pointed out that the signal-idler biphoton is a single, entangled quantum system and cannot be considered to be composed of two separate particles with independent properties. 7 Since quantum measurements are non-unitary, and therefore nonlinear, and the optical diffraction equations of the non-collapse model are linear, one might well ask whether the linear evolution of the signal continuously through the time of the non-unitary operation is justified on fundamental grounds. This logic alone might serve to justify the collapse concept as a required part of the physical description of the interaction. However, it is noted in the literature that the collapse and non-collapse models are indistinguishable since they give the same theoretical predictions and cannot be distinguished experimentally. 5, 8 Here we examine the specific form that the quantum state of the signal can take following an idler measurement, and calculate its propagation properties from the ghost image plane to a downstream diffraction plane. We investigate the extent to which the predictions of propagation properties using different collapse models agree with the predictions of non-collapse models. Our results demonstrate that agreement between collapse and non-collapse models can be obtained if the signal is assumed to collapse into a specific mixed state. However, measurable distinctions between collapse and non-collapse models are predicted to arise if the signal is modeled to collapse into a pure state. 
e is ive hoton at time
In this approach, the collapsed signal state is measured as a simple expectation value of the signal field operators as there is no longer an idler photon to be correlated with. The counting rate distribution of the signal in the measurement plane is given by the expectation value of a s † a s.
In the non-collapse model, the signal and idler fields propagate independently over their respective paths from the SPDC crystal face to their respective detectors at which point the correlated counting rate is measured either in coincidence if the signal is measured at the ghost plane or in delayed correlation if the signal is measured in the diffraction plane. The correlated counting rate in one transverse dimension for the idler detector in plane z mi and the signal detector in plane z ms is given by
where ( ) is the positive-frequency portion of the signal (idler) electric field operators at the detector and | ( , ) > is the corresponding biphoton state. The electric field operators at the detectors can be written in the Heisenberg picture in terms of the annihilation operators a s(i) (x o , z o ) at the exit face of the SPDC crystal using the transformation 10-13
where h s(i) is the impulse response for propagation over the various segments of the signal(idler) path. 9, 10, 13 For a free propagation path h s(i) is given by
The correlated counting rate in equation 4 is then given by
where the integrals are taken over the exit face of the crystal, z o is the plane of the exit face of the crystal and |ψ(x o ,z o )> is the biphoton state at the exit face of the crystal.
The signal and idler creation operators at the exit face of the SPDC crystal can be written as
where ( ) ( , , ) is the creation operator for a signal(idler) photon in a state with transverse k-vector κ s(i) , phase ϕ s(i) and frequency ω s(i) ,
For the analysis in this paper we will assume that the pump beam has a Gaussian profile, I(x) = I o exp(-x 2 /a P 2 ), with its waist at the center of the crystal and a diameter that is sufficiently large that its range of transverse k-vectors, κ P , is small compared to the allowed range of κ s and κ i as set by phase matching. We will also assume that the SPDC interaction is effectively phase matched.
We can then write = .
(
and
We will further assume narrow band degenerate operation of the SPDC so that
Finally the phases of the signal and idler k-states are related by
where ϕ p is the phase of the pump which is assumed to be constant. Equations 10, 11 and 12 produce entanglement of the signal and idler through the delta functions δ(κ s +κ i ), δ(ω s + ω i -ω P ), and δ(ϕ s + ϕ i -ϕ P ). With these assumptions and relations, the biphoton state at the exit face of the SPDC crystal can be written as
where |0> is the vacuum state and A P (x o ) is the pump amplitude distribution.
RESULTS
We will calculate the correlated counting rate for the signal and idler photons in the non-collapse model as well as the detection rate for the signal photon in two collapse models. Counting rate distributions are calculated for combinations of the idler detector in the slit plane and the focal plane of the collector lens and for the signal detector in the ghost image plane and the diffraction plane. The parameters used for the calculations (as defined in 
Non-Collapse evolution
The operator product for the idler detector at the slit plane z 1i and the signal detector in a measurement plane at z ms in the non-collapse model is
The corresponding operator product for the idler detector in the focus of the collector lens (x D1 , z fc ) and the signal detector in a measurement plane z ms is
In deriving equations 14 and 15 we used successive application of the impulse response function h(x j , z j, x k, z k ) for the various legs in the signal and idler paths as described in Ref. 14, and eliminated the resulting integral over the lens planes using the method of stationary phase. 15 A similar calculation was presented in Ref. 16 where the method of stationary phase was used to eliminate the face of the SPDC crystal. Here we eliminate the lens planes and retain the integrals over the face of the SPDC crystal since the diameter of the pump beam forms the effective aperture stop in most experimental configurations.
The correlated counting rates for various combinations of the idler detector in the slit plane or the focus of the collector lens and the signal at the ghost image plane or the diffraction plane are calculated using equations 7, 13, 14 and 15 and the commutator
The expressions for the correlated counting rates for the various combinations of detector positions are
Integrating idler detector in slit plane, point signal detector in ghost image plane with coordinates x ms = x 2s and z ms = d 2
Integrating idler detector in slit plane, point signal detector in diffraction plane with coordinates x ms = x 3s and z ms = d 3
Integrating idler detector in collector lens focal plane, point signal detector in ghost image plane
Integrating idler detector in collector lens focal plane, point signal detector in diffraction plane
where
Results for idler detector in slit plane
We consider the evolution of the system for the idler detector in the slit plane and the signal detector in the ghost image and diffraction planes in the Heisenberg picture. The correlated counting rate distribution for the signal in the ghost image plane shows a reasonably well resolved magnified image of the idler slit. The distribution in the diffraction plane is wider as a result of spreading after the ghost image plane.
Collapse evolution
We now consider the concept of wavefunction collapse effected by the idler measurement. In this concept the signal and idler evolve under the Heisenberg picture until the idler reaches the slit plane and the signal reaches the ghost image plane. At this time the idler is measured, projecting the biphoton state into a single un-entangled signal quantum state whose properties depend on the result of the idler measurement. The projected signal state then serves as an initial condition for further evolution within the system. In our analysis, the collapsed signal state will propagate from the ghost image plane to the diffraction plane where it will be detected without further correlation since the idler has been destroyed in the (earlier) measurement and there is no longer an entangled biphoton state.
Pure-state collapse
In order to calculate the distribution of the signal in the diffraction plane it is necessary to choose a model for the description of the collapsed state. We consider first the state described in Ref. 
Upon propagation to the diffraction plane, the collapsed signal state takes on the form
The counting rate distribution for the collapsed signal state in the diffraction plane is given by
The counting rate distributions for the collapsed signal state in the ghost image plane and the diffraction plane are shown in Figs. 4 and 5. The signal distribution in the ghost image plane using the collapsed quantum state of equation 26 gives an approximate image of the idler slit and is very similar to the distribution in Fig. 2 using the non-collapse Heisenberg calculation . However, comparison of Figs. 5 and 3 shows that the distribution in the diffraction plane is much narrower for the collapsed wavefunction of equation 28 than that of the non-collapse Heisenberg model.
Mixed-state collapse
We now consider an alternative collapse model involving a mixed state for the signal. This model is motivated by a consideration of the details of the photoelectric detection of the idler and finds support in Refs. 5 and 6. To examine the role of the photoelectric detection of the idler in giving rise to the signal collapse, we model the integrating idler detector as an array of point detectors. The outputs of the individual sensors in the array can be connected in parallel to model a single large area detector, or can be recorded individually in memory and integration can be done in post processing. When an idler photon is detected at the slit, one and only one of the detectors in the array will respond. It is this response that causes the signal state to collapse at the ghost image plane, and that collapsed state will then propagate to the diffraction plane where it will be detected by detector D2. Since we are considering a low flux regime we can expect that the collapse, propagation and detection of one signal photon will all occur before a second signal idler pair is generated. Thus we would expect that the counting rate in the diffraction plane at a given position will be the incoherent sum of the counting rates for the individual collapsed states at that position. A given collapsed state, in turn, will be exactly the state left from the biphoton state whose idler component was detected. The mode function of this state is the point spread function at the ghost plane associated with detection of an idler photon at position x 1i .
We thus consider that the collapsed signal state is a mixed state described by the density operator
The basis states of the mixed state are the point spread functions associated with an idler detection at position x 1i given by
The normalizing constant K 1i is given by
The P n are the diagonal elements of the density matrix which has the form
The density matrix element P n is the probability of an idler detection at position x n = x 1i given by
and the total probability is normalized to unity
The counting rate distribution for the collapsed signal in the ghost image plane is given by
where the trace is taken over the point spread functions of equation 31. The counting rate in the diffraction plane is obtained using equation 36 with the trace taken over the point spread functions after they have propagated to the diffraction plane, i. e. over the set of functions
The counting rate distributions in the ghost-image and diffraction planes for a single basis state at the position x 1i = 0 in the idler slit plane is shown in Fig. 6 in the ghost image plane. It can be seen that the distribution in the ghost image plane for a single basis state (Fig. 6 ) is much narrower than the magnified image of the slit. This is to be expected since the basis state is derived from the point spread function of the biphoton and we have chosen a sufficiently large numerical aperture, which is determined by / , so that the imaging resolution, which is determined by the point spread function, is substantially smaller than the width of the slit.
The width of the distribution of the counting rate in the diffraction plane from the single collapsed state in the mixed state model is seen to be comparable to the width of the correlated counting rate in the Heisenberg model (Fig. 3) , and considerably wider that the width of the distribution from the pure state collapse model (Fig. 5) .
We next consider the distributions in the ghost imaging plane and the diffraction plane for basis functions at different positions x 1i in the idler slit (Figs. 8 and 9 ) since their location is related to an image of the position of the idler detection within the idler slit. The widths of the distributions in the diffraction plane from the individual basis states are also seen to be similar to each other. They are each of approximately the same width as that of the Heisenberg evolution in the diffraction plane (Fig. 3) and only minimally separated in space.
The total counting rate for the signal in the mixed state collapse model is obtained by integrating over the counting rate distributions of the individual basis function with each basis function weighted by its probability of detection at the idler slit. The distribution of detection probability, shown in Fig. 10 , is constant over the slit. that reproduces the image of the idler slit. In the diffraction plane, the counting rate distributions for each of the individual basis functions are nearly identical and the counting rate distribution in the diffraction plane for the incoherent sum is only minimally different from that of the individual basis functions.
Idler detector in focal plane of collector lens
The equivalent calculations can be done when the idler detector is placed at the focus of the collecting lens The overall conclusion for the correlated counting rates when the idler detector is located in the focal plane of the collecting lens is that the non-collapse Heisenberg predictions and the predictions of the mixed state collapse model are in agreement, as can be seen by comparing Figs. 3 and 21 . However, the details of the evolution are somewhat different from when the idler detector is in the slit plane. When the idler detector is at the focus of the collecting lens, each of the individual basis functions forms an image of the slit in the ghost plane (Fig. 17) . The distributions in the diffraction plane from the individual basis functions are considerably narrower than the distribution predicted by the Heisenberg evolution (Fig. 18) , just as in the pure state collapse of Fig. 5 . However, in the mixed state collapse model, the diffraction patterns from different basis functions are centered at different positions in the diffraction plane, depending on the location of the idler detection in the collecting lens focal plane. When the total counting rate distribution is calculated as the sum of the counting rates from the individual basis functions, weighted by the density matrix distribution in Fig. 19 , it is found to be equal to the counting rate distribution of the Heisenberg evolution.
Analytic comparison of the non-collapse (Heisenberg) model and the mixed-state collapse model
The predictions of the mixed state collapse model and the Heisenberg model for the counting rate distribution in the diffraction plane can be compared analytically.
The counting rate in the diffraction plane in the mixed state collapse model is given by 
where the last equality appears as a result of equation 17. Thus, apart from a normalizing factor, the analytic form of the counting rate distribution in the diffraction plane using the mixed state collapse model is identical to that of the noncollapse Heisenberg model.
SUMMARY
The evolution of an entangled signal idler pair in the geometry of ghost imaging is described with collapse and noncollapse models. Two collapse models are considered. One collapse model reduces the signal to a pure state as described in Ref 7 . The second collapse model reduces the signal to a mixed state. The mixed state collapse model gives predictions of the counting rates in different propagation planes and idler detection planes that are in agreement with the corresponding predictions of the non-collapse model. However, the predictions of both the non-collapse and the mixed state collapse model are substantially different from the prediction of the pure state collapse model when diffraction away from the collapse plane is considered. The predicted differences offer the possibility of experimental distinction between the two collapse models. The calculations of the mixed state model also indicate that differences that can arise in state preparation when substantial propagation paths are involved and information is encoded in the wavefront in addition to the polarization. In such a situation, it makes a difference as to whether the prepared state can be distinguished in the near and far field depending on just how the entangled idler is measured.
